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OOHUM U3 YACMHBIX CYYAe8 OBUNCEHUS OUHAMUYECKU CUMMEMPUYHO20 CHYMHUKA —
meepo020 mena OMHOCUMENLHO YEHMPA MACC HA KPYy208oli opbume A6Aemcs e20 2unep-
bonoudanvras npeyeccus. Eciu eunepbonoudanvuas npeyeccus ycmonuuuga, mo ypagHe-
HUsL OBUIICEHUs CHYMHUKA OONYCKAIOM CYWECMBOB8AHUE CEMEUCME NEPUOOUYECKUX O8U-
JHCEHUL, KOMOpble ONUCHLBAION KOAEOAHUS OCU OUHAMUYECKOU CUMMEMPUY CRYMHUKA 8
OKpecmHoCIU 2UnepooIoUOATbHOU npeyeccuy U Mo2ym Oblmb NOLYYeHbl 8 8Uude CX005-
Wuxcs psoos no CmeneHam Mano2o napamempa — amnaumyowl konebanuil. Paziuuarom
08a MUNA YKA3AHHLIX OBUNCEHUU — KOpOmMKonepuoouyeckue u 00J120nepuoouyeckue.
Ecnu amnnumyoa ne mana, mo onsi nocmpoenusi OaHHbIX 08UNCEHUU HeOOX0OUMO npume-
HUMb YUCIeHHbIN Memoo. B mpexmepnom npocmpancmee napamempos 3a0aiu asmopa-
MU Oblna nocmpoena 061acms CyWecmseosanus 00120NepUOOULECKUX OBUNCEHUT, POdiC-
0aIowuxcs U3 2unepoOoIoOUOANbLHOU npeyeccuu CUMMempuyHo2o cnymuuxa. Paccmompe-
Hbl  CIYYaU pe3oHaHca U OMCYMCMEUs pe3onanca mpemve2o nopsaoka. HMccnedosana
3a0aua opoOUMANbHOU YCMOUYUBOCU O0I20NEPUOOUYECKUX OBUNICEHULI 8 NEPEOM NpU-
onudicenuu. Ilpugedenvl nocmanoeka 3a0auu, pe3yIbmanvl AHATUMUYECKO20 NOCMpOe-
HUsL NEPUOOUYECKUX OBUICEHUTI NPU OMCYMCMEUU Pe30HAHC08. [lano KpamKkoe onucanue
MEMOOUKY YUCTIEHHO20 NOCMPOEHUs CeMelicme Nepuooudeckux peuieruil. Hznocenvl
Dpe3yabmamyl YUCIeHHO-AHATUMUYECKO20 NOCMPOCHUsL ceMelicme 0020NePUOOUHecKUX
PpeuteHull, poHcOarowuxcsa u3 cunepooaIoudaIbHOU npeyeccut, 8 OKPeCmHOCMU Pe30HaH-
ca. [ins manvix sHAYeHUl amMnaumyobl cOelansl 8616006l 00 OPOUMATLHOL YCMOUYUBOCTNU
VKA3AHHBIX peuleHuti 6 NepeomM NPUOIUNCEHUU.

Knrwoueswie cnosa: camunbmonosa cucmema, nepuooudecKue 08UNCEHUsl, OUHAMUYECKU
CUMMEMPUYHBITL CHYMHUK, YUCTEHHOEe NPOOOIICEHUE CEeMECE peuleHUl, pe2yiapHas
npeyeccus, opoUmManbHas yCMoUUUBOCb, PE3OHANC

Beenenne. AHanu3y ABMKEHUS TUHAMUYECKH CUMMETPHYHOIO CITYT-
HUKa Ha KPYroBOM OpOUTE MOCBSAIIEHO OoJbIinoe uncio padot [1-8]. Oco-
OEHHO JETaJbHO HCCIEAO0BaHbl ABMKEHHS CHUMMETPUYHOTO CITyTHMKA,
KOTOpBIE OINMKCHIBAIOTCS TOYHBIMU YACTHBIMU PELICHUSMH ypaBHEHUN
IOBYOKEHHA. K 5TUM IBJKEHUSAM OTHOCATCA IOJIOKEHUS OTHOCHUTEIBHOIO
pPaBHOBECHs], PETYJSpPHBIC MPEIECCUH, a TAKXKe KoJeOaHWs M BPaLCHHS
CIIyTHHMKa B IUIOCKOCTH OpPOMTBI €ro LIEHTpa Macc. Y CTOHYMBOCTb PEry-
JSIPHBIX TPElecCUid W HEeMHEWHBIX KoJieOaHWH B MX OKPECTHOCTH pac-
cMOTpeHa B paborax [4—14]. B [7, 8] BbINIOJIHEH MONMHBIA U CTPOTHI aHa-
JM3 YCTOMYMBOCTH IUIOCKMX KOJICOAHWH W BpalleHHH CHUMMETPHUYHOTO
CIIyTHHKA.
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VYpaBHEHUs IBIXKCHHS B IMHAMHUKE CITyTHHUKOB, KaK MPaBUIIO, HE MO-
T'yT OBITh MPOMHTETPUPOBAHBI B KBaJIpaTypax, MO3TOMY aKTyaJbHOU 3a1a-
4eil sBisieTcs pa3pabdoTKa METOJOB WX YHCICHHOTO HHTETPUPOBAHHUS, a
TaK)k€ aCHUMIITOTUYECKUX METOJOB MOCTPOCHHUS MX pelleHuid. B paborax
[15—18] nmpensioskeHbl METO/bI YUCIECHHOTO M aHAIIMTUYECKOTO MOCTpOe-
HUSL CEMEHCTB MEPUOAMYECKHX IBUKEHH, KOTOpPbIE MO3BOJSIOT CBECTU
KpaeBylo 3a/auy YMCIECHHOIO MHTETPUpPOBaHMS K Oojee MpocToi 3ajaue
Komm. DTu MeTonbl NMPUMEHSUIMCH ISl TMOCTPOCHUS «3aMOPOKEHHBIX)
OpOWT B TEOPUHU BHKEHUHM UCKYyCCTBEHHOTO cryTHUKa 3emun [19]. C mx
MOMOIIBIO UCCIIEIOBANNUCH MEPUOJUUECKHIE IBIKEHUS, POXKIAIOIINECS U3
peryJisipHON mpereccuu cuMMeTpudyHoro cnyTtHuka [13, 14, 17]. B yacr-
HOCTH, B pabortax [13, 17] nns HEKOTOPBIX YaCTHBIX 3HAYCHUH IapameT-
POB 3a/1a4y BBIIIOJIHEHO YHCJIEHHO-aHAJIUTHYECKOE IIOCTPOECHUE CEMEMNCTB
KOPOTKOMEPUOANUECKUX JBIKEHUH, POKIAIOUINXCA U3 TUIEPOOIOU1aib-
HOU mpenieccuu. B pabote [14] momydena o0nacTh CylIeCTBOBaHUS YKa-
3aHHBIX CEMEHCTB JJIsl BCEX JOMYCTUMBIX MapaMeTPOB 3aauu.

B HacTosmieil paboTe BBITOJHEHO YHCICHHO-aHATUTHIECKOE TIOCTPO-
€HHE CEMEHCTB IOJTONEPUOINYECKUX IABMKCHUM, POXKIAIOIIUXCS U3 TH-
nepOO0IONAATBFHON PEHECCHH, IPU OTCYTCTBUU PE30HAHCOB M B OKPECT-
HOCTH PE30HAHCa ), = 20, .

ITocTanoBka 3aga4yu. PaccMoTpuM CIyTHUK — TBEpAOE TEJO, LICHTP
Macc KOTOPOIo ABMXKETCSA B LIEHTPAJIbHOM I'DaBUTALlMOHHOM IIOJIE CHJI IO
KpyroBoii opburte. g omucaHus IBUKEHHSI CIYTHHKAa OTHOCHUTEIBHO
[IEHTpa Macc BBeAeM opOuTabHyl0 OXYZ u cBsi3aHHYIO OXx)z CHCTEMBI
koopauHat. Ocu OZ, OX, OY HamnpaBuM IO pPaguycCy-BEKTOpPY IIEHTpa
Macc CIyTHHKA, TPAHCBEPCAIM K OpOMTE W HOpPMAJM K IIOCKOCTH OpOWTHI.
Ocu Ox, Oy, Oz HanpaBUM BJIOJb TJIABHBIX IEHTPAIBHBIX OCEH WHEPLUHU
CIIyTHHUKA, MOMEHTbI UHEPLIUU OTHOCUTEIHLHO KOTOPBHIX 0003HaUuM J,, J,,

Js. bynem cuutarh CHOYTHUK AWHAMUYECKH CHUMMETPUYHBIM (J; =J,).
B3anmuoe pacnoniokeHrne opOUTaNIBHON U CBSI3aHHOW CHCTEM KOOPAMHAT
3alaauM yriamu Disepa , 0, ¢.

VYpaBHEeHHE ABUKEHHS TUHAMUYECKHM CHUMMETPUYHOTO CIYTHUKA 3a-
MUCBIBAIOTCS B KAHOHUYECKOM opMe ¢ raMIIIbTOHHAHOM [ 3, 5]:

2 2
Py Py Ycosb -
=—+2— ———+cosyctgD sin +
2sin’0 2 sin 0 Vetgl: py TSty

+ y ctg26+y g’+28c0s (1)

Tie py U pg — 0e3pa3MepHbIC MMITYJIbChI, COOTBETCTBYIOIIME KOOP/IU-

Hatam y u 0; 7 =0of; 823(06—1) — 0Oe3pa3mepHbie mapametpsl [17],
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3necy ao=J3/J;, PB=r/®y (1 — npoekuus aOCOIOTHOH YIIOBOH
CKOpPOCTH CITyTHHKA Ha €ro ochb JAMHamMuuecko cummerpuun Oz; ®; —

YIJIOBasi CKOPOCTh LIEHTPA Macc).
HesaBucumoli nmepeMeHHON SIBISETCS MCTHHHAS aHOMAIMS V = Mgl.

Koopaunara ¢ — UMKIMYECKas, COOTBETCTBYIOUIMH €i UMIYIbC Py

COXpaHseT IIOCTOSIHHOE 3HAYCHHUE.
VYpaBHeHUs IBUKEHHS ¢ TaMUIbTOHHAHOM (1) MMEIOT yacTHOe periie-

e Oy =7/2, cosy,=-Y, Py, =SinVY,, py, =0, oTBeuarouee ru-

nepOoI0OUAATBLHON NPELEeCCUr CIYTHUKA, IPU KOTOPOM €ro och AMHAMU-
YECKOM CHUMMETPHHM JIEXKHUT B IUIOCKOCTH, INEPIEHIUKYJSIPHON paauycy-
BEKTOPY LIEHTpPa Macc, U COCTABIIAET YIOJI T — Y, C HOPMAIBIO K INIOCKO-

cru op6utel. IIpu 6 >0 runepOoongaabHas MPENEcCHs YCTONYMBA 110
JlsmynoBy [6]. Panee B padorax [13, 17] 111 HEKOTOPBIX YaCTHBIX CIyYa-
€B F€OMETPUH Macc CIyTHHKA paccMaTpuBajach 3ajiada O CyIIECTBOBa-
HUU ¥ TOCTPOCHUU MEPUOJUYECKUX JIBHXKCHHM, POXKIAIOIIUXCS U3 TUIIEP-
OonounmanbHON npeneccuu. s pemenus »Toit 3amxauu B [13] paspabora-
Ha TpOorpamMMHas peaju3alus METOJa YHUCICHHOTO MPOJOJIKEHHUS IO
napaMmeTpy CeMEHCTB NEePUOAMYECKUX JIBKEHUN TaMUJIbTOHOBBIX CH-
CTEM, IIPEITIOKEHHOTO B [16].

AHaTUTHYECKOE MOCTPOEHUE JSIMYHOBCKUX NMEPUOAUYECKHUX /IBU-
skeHuii. Ecu gacTotsl ;, 0, (®; > ®, ) JUHESHHON CUCTEMBI HE CBSI3aHbI

PE30HAHCHBIMHU COOTHOIICHUSAMU OO YECTBCPTOIr'O NOpsAAKa BKIKOUYUTCIIBHO,
TO MpPH MOJIXOJAIIEM BbIOOpPE KaHOHMUYECKHUX NepeMeHHbIX (yHKuus [ a-
MuIbTOHA (1) B OKpPECTHOCTH TUNEPOOIONIATBHON TPEHEeCCUU MOXKET
OBITH MIPUBE/ICHA K CIEAYIOIICH HOPpMaIbHOU GopMme:

K =30 (af + ) 30s (03 + ) a7+ ) +

vay (g +p2) (a3 + p3) +a (43 + p3) +0s, 2)

TIe dyy, )1, dop — TOCTOSHHBIE KOA()(DUIIMEHTHI, 3aBUCALINE OT Mapa-
MeTpoB Y U O; Os5 — COBOKYIHOCTb YWICHOB MOPSIIKA 5 U BBIIIIE.

KanoHnveckast cucremMa ypaBHEHUH C raMUIBTOHHMAHOM (2) MMeeT
CIIEAYIOLIME CEMENCTBA NEPUOJINYECKUX PELICHUH, CyIleCTBOBAHUE KOTO-
PBIX rapaHTUpYyeTCs TeopeMoi JIsmyHoBa 0 roJIoMOp(hHOM UHTETpase:

q1=¢ sin (O)IV + 4026120\/) + 0(03 ), P = CCOS((D]V + 46'26120\)) + 0(03 ), (3)

g, =0(); p,=0();
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q, = csin(co2v + 4c2a02\/) + O(C3 ); Dy = ccos(mzv+4czaozv) +0(c3); 4)
0=0(),p=0(c)

¢ mepuomamu Tj =21/ o, +4c’ay, +0(c4) u D =2m/ o, +4c’ay +0(c4)
(T, <T;) cootBeTcTBeHHO; (3) U (4) CYTh CXOMSIIHUECS MPU JOCTATOYHO

MaJibIX 3HAYEHUSX aMIUIMTYJbl C CTENEHHbIE Psbl, NPEICTABISIONINE
COOTBETCTBEHHO JIOJITO- U KOPOTKOMEPHUOIUYECKUE IBHXKCHHUS .

O 4YHCJIEHHOM TMPOJOJIKEHUHN CEMECTB NMePHOTUYECKHX IBHKe-
HUH. J[J1s TOCTpOEHUs CEMENCTB MEPUONYECKUX IBHKCHUN MPU TIPOU3-
BOJIbHBIX 3HAYEHUSIX aMIUTUTYAbl UCIIOJIB30BAJICA METOJI YUCIEHHOTO MpOo-
JOJDKEHUS TEePUOJANUECKUX PEIICHUN TaMWIBTOHOBBIX CHCTEM, pa3pado-
tanHbli  C.P. KapumoBeiMm u A.I'. Cokonbckum B [16]. Unes sToro
MeTtona Oblia mpemtokena A. Deprit u J. Henrard [15], ee cyTh cocrout
BO BBEJCHHH B OKPECTHOCTHU W3BECTHOTO (OMOPHOTO) pEUICHHs JIOKalb-

_ T
HBIX KOOpAMHAT W =[n, m, n,m,| ,Tae n, ¥ n, — HOPMAIIbHbIC CMELLe-
HUS; m, — TaHTeHIMAIbHOE CMEIIEHHE, /7, — SHEPreTHYecKOe CMellle-

HUE. DTO TO3BOJISIET CBECTU KPaeBYIO 3a7ady HaXOXKJIECHUS NEpHOanuYe-
CKOro pemieHus K 3anade Komm.

HOI/ICK HOBOI'O HepI/IOHI/I‘-IeCKOFO pemeHI/m OCYHIGCTBJISICTCSI B JIBa
JTama: MpeaukTopa M KoppekTtopa. Ha srame mpegukropa B pe3ynbTare
YHCJICHHOTO MHTETPUPOBAHUS CUCTEMBI TU(PEpeHINATbHBIX YPaBHEHHH,
ONUCHIBAIOLIEH U3BMEHEHUE BEIWYUH n,, m,, N,, m,, HAXOIAT MONPABKU

uos v Vo
K Ha4aJIbHBIM YCJIOBUSAM ONOPHOTO PEIIEHUs, JAroIlyie HadalbHbIE YCIIO-
BUSL HOBOTO, MPHUOIMKEHHO-TIEPUOIUUECKOT0 PELICHHs, KOTOphIE 3aTeM
YTOYHSIOT Ha 3Tare KOppeKTopa.

[TporpammHasi peanu3aiys yKa3aHHOTO YMCIEHHOTO METOJa M METO-

KA BBIOOpA MpHUpaIieHuil mapameTpoB omucanbl B padore [13]. Ilo-
rpemHocth Az = Az(h, 7y, 8) = |Z(T )—Z(0)| MOJTy4aeMbIX Ha Ka)/JIOM IIare

pemenwuii He npesbimana 1-107. Panee B pabore [14] aist Bcex 0OMycTH-
MBIX 3HAUEHUH MapaMeTpoB 3aa4u ObUIH MOCTPOESHBI 0OJIACTH CYIIECTBO-
BaHus (puc. 1) u opOUTATBLHON YCTOWYUBOCTH (PHUC. 2) B IEPBOM MPUOIIH-
KEHUH KOPOTKOMEPHOANYSCKUX JBIKEHUH, POXKITAOIIUXCS U3 TUTIEPOO-
JIOUJIaTbHON MPELeCCUU CITy THUKA.

YucieHHO-aHAJIUTHYECKOE TMOCTPOEHHEe CeMeiicTB A0Jronepuoau-
YeCKHUX JIBUKEHUI NP 3HAYEHUAX MapaMeTPoB, OJM3KUX K Pe30HaH-
cy ®, =2m;. Eciu B cucteme Habmt0qaeTcs mapaMeTpUyeCKuil pe30HaHe

®, =2®;, TO B OKPECTHOCTH MOBEPXHOCTH, OTPAaHUIHBAOIICH 00JIacTh Ta-

PaMETPUYECKOTrO Pe30HaHCa, CYIIECTBYIOT JIBa CEMEHCTRBA JIOJITONEePUOINYC-
CKHX JIBHXKCHHI ¥ OJJTHO CEMEHCTBO KOPOTKOIIEPUOANICCKHX JBHKCHH.
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Puc. 1. IloBepxHOCTb, OrpaHHUuYMBarONIas CBEPXY 00IaCTh
CyILIECTBOBAHUS KOPOTKONEPUOAUYECKUX MABWKCHHUH, DPOXK-
JAONINXCS U3 THUIEpPOOTIONIATFHON IPEeneccun CUMMETpHY-
HOTO CITyTHHKA, B TIPOCTPAHCTBE MapaMeTpoB A, Y, O:
h — mapameTp SHepruu; Y, & — KHHEMaTHYECKUI 1 HHEPIIHOHHBIH
mapamMeTpsl; B Touke Y = 0, = | mMeeT MeCTo pe3oHaHC M) = M

Puc. 2. IloBepxXHOCTh, OTpaHMYMBAIOIIAs CBEPXYy OONAcTb OPOUTATIBHOM YCTOMYHBOCTH
B IIEPBOM NPHUOIIDKEHUH KOPOTKOIEPHOINYECKUX IBIKCHHH, POXKAAIOIIMXCS U3 THIepOo-
JIOUTATBHOM TIPELIECCHI CHMMETPUYHOTO CITyTHHKA, B IIPOCTPAHCTBE APaMeTpoB /1, Y, O (@) u
cedeHus (6) 00NacTH CyIECTBOBAHHUS KOPOTKONEPUOIMYECKUX ABWKEHHHN (KOCast wmpuxoe-
Kka) ¥ 00JAaCTH MX YCTOMYMBOCTH (NEPEKPECHHA WiMPUX06KA) TUIOCKOCTAME O =2 1 § = 1
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Haijinem ypaBHeHUE yKa3aHHOW IIOBEPXHOCTH B IPOCTPAHCTBE Ilapamer-
poB h, 7Y, 0, rme & — KOHCTaHTA DHEPIHH CHUCTEMbI C TaMHJIbTOHUAHOM

(1). [ns 3TOro mocpeacTBOM KaHOHMYECKOM 3aMEHbl IEPEMEHHBIX
W, 0, py, po — &1, &2, My, My puBenem ramunsTonual (1) K HOPMATLHOM

dopme:
KI:%(D] (&12+n12)+%0)2(§§+ﬂ§)+/1 &z(nf—ﬁf)—2nz§m] +0;, (5)

rne A — pe3oHaHCHBIN K03 PUIIMEHT, 3aBUCSIINN OT ®; U O, .

BBenem HOBoe BpeMs 7 10 (opMyJie T = ;V U BBIIOJIHUM MacLITa-
OUpYIOIIYI0 KaHOHMYECKYIO 3aMEHy INEpeMEeHHBIX &, =e€ax;, &, =é€ax,,
N =€ay;, N, =€ay, C BAICHTHOCTHIO n=1/ ea?, KOTOpass IpPUBOIUT
raMuJIbTOHHUAH (5) K BUILY

K" :%(2+u)(x§ +y§)+%(x12 +y12)+

V2
+€T X (Y12—X12)—2y2X1J’1 +0(82)a (6)

e L=0,/0,—2; € — Manble napameTpsl (KOOQPUIMEHT HEBSI3KH Ya-

CTOT U MacITaOHbINA K03 PuLneHT); a = x/E(Dl / 44 [9].

KaHoHnueckue ypaBHEHUs C raMWIBTOHMAHOM (6) UMEIOT OJIHOMapa-
METPUYECKOE CEMEICTBO KOPOTKOMEPUOIMUECKUX PEIICHUI BUIA

X, =JCsinQ(t+71)+0(€); », =JCsinQ(t+71)+0k),  (7)

rae Q=2+ +O0(e?); C — NOCTOAHHBIN apaMeTp.

Ecnu BBINOTHEHO HEPABEHCTBO |u| < &V2C, TO KOPOTKOIIEpUOaHNYE-
ckue perieHus (7) opOMTAIBHO YCTOWYMBHI B JIMHEHHOM MPUOIMKCHHH,
€CIIU XKe |u| >¢e+/2C, To — opbutanbHo HeycroiuuBsl. [locnennee Hepa-

BEHCTBO 33/aeT 00JIaCTh MapaMeTPUYECKOr0 Pe30HAHCA, FPAaHULIbl KOTO-
POl OIIPEACIIAOTCS yPAaBHEHUEM

u? =2¢C. (8)

Jlnst Toro 4TOOBI MOMYYUTh YPAaBHEHHS TpaHUIIBI (8) B IPOCTPaHCTBE

MCXOJHBIX MapaMeTpoB 3a/la4uM, BeipazuM napametpsl C, L U € uepe3 o,
*

(®, ¥ KOHCTaHTy 3Hepruu s . KoHcTaHTa SHEPruu s CHUCTEMBI C TaMUIIb-

TOHHAHOM (6) CBSi3aHa C KOHCTAHTOM 3HEpPruu /i MCXOAHOM CHCTEMBI C
raMuibToHHaHoM (1) u mapameTpom C COOTHOIICHUSIMHU

6 Huotcenepnotit scypnan: nayka u unnosayuu # 11-2017



Yucnenno-ananumuyeckoe nocmpoenue u uccnedogariue ycmoﬁwueocmu...

2
c:im(e) h*:nh:gfh. 9)
2+ e m;

Bropoe pasenctBo B (9) nomydeno noacranoskoi (7) B (6). [loacra-
BUB B (8) BeIpaxxenue ais mapamerpa C u3 (9) u 3ameHuB ko3 dunmeHt

HEBSI3KH YacTOT 110 GopMylie I =®,/®; —2 , HOIyYuM CIIEIYIOMIEE yPaB-
HEHHE IS TPaHULBI 00JIaCTH MMapaMeTPHUYECKOTO Pe30HAHCa:

o, (0, —20, )" =324%0,h+ O(h?). (10)

VYpaBHeHHE TpaHUIBI OOJIACTH MapaMETPHYECKOTO PEe30HaHCa B HC-

XO/HBIX TapaMeTpax cTaHeM Hckath B Buze psma Y(8,h)=v (&) +

3 2
+ ‘/Z'Yl (0)+O(h), Tne BBIpaKEHUE 7(3) ®)==% \/_48 +51676 —40 3a/1aer

3aBUCHMOCTh Y OT O NPHU TOYHOM pE30HAHCE M, = 2,. [loacTaBuB 3TOT

psan B (10) u nmpupaBHsIB KOA(DPUITMEHTHI P PaBHBIX CTEMEHSX /1, OTpe-
nenuM Y((0) M MoJyYuM ypaBHEHHME IPAHUIILI 00IaCTH MapaMeTPHYECKO-

ro pe30HaHca B MPOCTPAHCTBE MapaMeTpoB A, Y, O

f|38 2|4/5+55
h
5,/5(4-3) Vh+0().

[ToBepxHOCTbh, 3amaBaeMasi ypaBHeHueM (11), moka3zana Ha puc. 3.
[Tpu 3HaueHHsX ¥, O, OIM3KUX K PE30HAHCHBIM, H MAJlOM /i 3Ta MOBEpPX-

Y@, =7V (@) £ (11)

HOCTH XOpOIIO aNMPOKCHMHPYET TPAHUIBI 00JacCTH MapaMeTPUIECKOrO
pEe30HaHca, YTO MOJATBEPKIACTCS COBMAJCHUEM PE3yJbTaTOB aHATUTHYE-
CKOT'O U YUCJICHHOTO penieHus (cMm. puc. 3 u 4, a).

Jns HaxoKIeHUsT CEMEHCTB JONTONMEPUOAMYECKUX IBUKEHHM BOC-
MOJIB3yEMCSl METOAMKOM, M310keHHOU B padore A.Il. Mapkeena [9]. Ilo-
CPEACTBOM 3aMEHBbI IEPEMEHHBIX X, X, Vi, V, — O, 0,, A, P, TaMuiIbTO-

HUaH (6) MOXXHO MPUBECTU K BUAY
K" = B +up +e(B -2B) P sin(Qy) + O(e?), (12)

rne A =22P.
Cucrema ¢ ramwibToHHaHoM (12) umeet nepBbiii unTerpan B =C,

rne C — mapameTp, CBS3aHHBIN ¢ UCXOAHBIMU MapaMeTpaMu 3aJaud de-
pe3 cootHomienus (9). Ucmonw3ys nepBblid mHTETpai U oTopackiBas B (12)
YJICHBI BBIIIE TIEPBOW CTENEHH IO €, TOJTy4YaeM MPUOIIKEHHYIO CHCTEMY
C raMHUJIbTOHUAHOM

V=P, +e(C=2P)\ P, sin(0,), (13)

Huycenepnutii ycypnan: nayka u unnoeayuu # 11-2017 7
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Puc. 3. I'pannma oOmacTé mapaMeTpUIECKOTO pe30HaHca

B IIPOCTPAHCTBE APaMeTpoB /i, Y, O, MOTydYCHHAs aHAJIHUTH-

YEeCKH NPU MajbIX 3HAUEHMSIX IapamMeTpa SHEPrud /i M Bcex

JOMYCTHMBIX 3HAYEHUSIX KHHEMaTHIECKOTO Y M HHEPIHOH-
HOTO § MapamMeTpoB

OIMCBIBAIOIIYIO JOJTONEPHOANYCCKIE IBHKCHUS B OKPECTHOCTH TPAHUIIBI
00JIaCTH MapaMeTpUIECcKOro pe3oHaHca.

k >k
[Tonoxenus paBuoBecuss (,, P cuctemsl ¢ ramuibroHraHoM (13)
OTIPEIETISIOTCS yPaBHEHUSIMU

v v
Q§=dK* =0; Pz*:—dK* ~ 0.
dp, dQ,

B 3aBucuMOCTH OT 3HaYCHMH ITapaMeTpa L YUCIIO IOJIOKEHUN PaBHOBE-
cust Oyniet pa3nuaneiM. B obmactu 'y (puc. 4, 6) CyIIecTBYET TOJIBKO TOJIO-

- M+\/M2+6€2C

* T
KeHue paBHoBecus 0, :5, P,

(D), B obmactu I’y —

6¢
[ 2 2
* «  —U+ +6e°C
TOJIBKO TIOJIOKEHWE paBHOBecus (O, :—g, P = a L; € (I1).
€

B o6nactu I'; cymiecTByeT Kak MOJIOKEHUE paBHOBECHS I, Tak U ToJI0XKe-
nue pasHoBecHs 1. Ilpu ManbIx 3HaYeHUsIX |L TpaHMIBI OOacTell coBmaja-
IOT C TPaHUICH OOJIACTH TApaMETPHYECKOTO PE30HAHCA W OINPEACISIOTCS
ypasrerueM (11). B nepemernbix W, 0, py, pg YKa3aHHBIM TOJOKEHUAM

8 Huotcenepnotit scypnan: nayka u unnosayuu # 11-2017
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h ~0,529 h
-2 ae | an =2
~10 - 5=05 ~10 Ty(1, 1)
N\ G0 \/ L)
I\ L
0,5 1Y @ 1Y
-2 Pel _2
~10 i Ui 0
|"'r iy Lol
(S50 5270 e
-2
~10 k-
-2
~10 -
. N ~0,5 /’/‘ St
S e ,
0,529 1Y
a

Puc. 4. B3anMHOe pacrioioXeHHe pe3yJIbTaTOB YHCICHHOTO (MYHKMUpHblE AUHUU) W
AHATMTHUYECKOTO (CriouiHble AuHUY) TIOCTPOCHHS TPAHUIIBI 00JIaCTH TapaMeTpHIECKOro
pe3oHaHca B miockocTr O = const B ciydae & = 0,5; 6 =2/3, 8 = 1 u 6 = 2 nipu MaibIX
3Ha4YEHMSIX TapaMeTpa SHepruu /i (@) U PacrosOKEHUE CEMEHCTB JOJITOIEePHOIMYECKHX
JBIDKSHHI OTHOCHTENBHO ITOBEPXHOCTH IIaPaMETPUUYECKOTO PE30HAHCA B CEUCHHH O = const
NPU MaJIbIX 3HauYeHUsX mapamerpa h (6); B obmactsax '} u ', cymecrtByer no ogHoMy
CEeMEHCTBY JOJITONIEPUOIMYECKUX ABMKEHH, B obnmacti ['; UMeloTcst JBa cemelcTBa
JIOJITONIEPUOINYECKHUX JBUKEHUN

pPaBHOBECHSI COOTBETCTBYIOT [IBa CEMEWCTBA JONTONEPUONNYECKUX IBU-
KeHui  (KoTopble jganee Takke Oyaem obOo3nadate I wuw ).
B oxpectHOCTM pe3oHaHCa ®, =2@; CEMEHCTBA OJITONEPUOTUNIECKUX
neuwkeHui | u Il opburtanbHO ycToiuMBBI B MepBOM NpuOmMkeHuu [9].
C noMo1IBI0 YNCIEHHOTO METO/1a, ONIMCAHHOTO BBIILIE, yYKa3aHHBIE CEMEH-
cTBa OBUTH TPOJOJDKEHBI MO MapaMeTpaM JI0 TPAHHUI] UX CYIIECTBOBAHUS
MPU 3HAYCHUSX KOHCTAaHTHl »Heprun h < 0,1. Pe3ymprarbl 4MCIEHHOTO

3
WCCIIEIOBAHUS MPENICTABIEHBI HA pUC. 5—7, Te 4Yepe3 y( ) 0Go3HaueHa

4
KpHuBas pe30HaHca W, = 2();, Yepe3 y( ) — KpHUBas pe30HaHCca M, = 30 .

Huycenepnutii ycypnan: nayka u unnoeayuu # 11-2017 9
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“)

,_.
-2

Puc. 5. I'pannma 00macTu CymecTBOBAaHHUS CEMEICTBA JOATOTIEPHOANICCKUX IBIKCHAN |
B MPOCTPAHCTBE TapaMeTPoB /1, Y, O TP MaJbIX 3HAYECHUSX TapameTpa sHepruu /i (a) u ee
CEUeHHE TIOCKOCTEIO & = 2 (6); Kocot umpuxosekoti TIOKa3aHa 00JIacTh CYIIIECTBOBAHUS

0,1 N\

i i
2 YO @ 1 ¥

\s

Puc. 6. ['panriia o0macTy CyIeCTBOBAHUS CEMEICTBA JIOJTOIICPHOTUUCCKUX JBrkeHuid 11 B
MPOCTPAHCTBE MapaMeTpoB A, Y, O MPH MAIBIX 3HAYCHHAX Mapamerpa sHepruu i (a) u ee
CedeHue IIOCKOCThIO & = 2 (0); Kocotl wumpuxogxoti TIoKaszaHa 001acTh CYIIECTBOBAHHS

‘ ‘ 3
y@ y® \8

Puc. 7. I'pannma obrnacTu CymecTBOBaHHUS CEMEHCTB JTONTONEPHOTNISCKIX TBHKECHUH |
u Il B mpocTpaHCTBE mMapaMeTpoB A, Y, O TIPH MAJIbIX 3HAYECHUSIX MTapaMeTpa SHepTHd /4 (@) u
€€e CeUeHHe TUIOCKOCTEIO & = 2 (0); KOCOoU umpuxoeKoti TIokasaHa 00JIacTh CYIIECTBOBAHMS

10
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Ha puc. 8 noka3aHbl Tpa€KTOpUU TOUKHU [IEPECEUEHUSI OCU JUHAMUYE-
CKOIl CHUMMETpPUM CIIyTHHUKAa U €IMHUYHOU c(dephl, COOTBETCTBYIOIINE
JIBUOKEHUSM, TMPUHANICKAIIUM CEMENCTBAM JIOJTONEPUOIUYECKUX JIBU-
xenuit [ u II. DTm cemeiicTBa OBLITM TIOCTPOCHBI AHATUTHYECKH B OKPECT-
HOCTH IIapaMETPUUYECKOI0 pe30HaHca IIpU 3HAYEHUSX MapaMeTpoB
v=0,577; 0=1,5 ¥ NIpOJOIKEHBI 110 YHEPIETUICCKOMY MapaMeTpy /A Ji0

3pauenusa i = 0,85.

Puc. 8. Tpaekropuu TOUKM nepeceyeHus] OCH AUHAMUYECKON CUMMET-
pUH CITyTHUKA M eIUHUYIHOH cdepsl mmsa cemelict | u II monromepuno-
JUYECKUX JABWKEHMH TIpu 3HadeHusx napamerpos 7Y =0,577;

§=1,5 h=0,85

3akmoyenue. B pabore BBHIMOIHEHO YMCIEHHO-aHAUTHYECKOE IIO0-
CTPOCHHE CEMEMCTB OJIFONEPUOINYECKUX JBIKEHUN CHUMMETPUYHOIO
CIyTHHKA, POKIAIOIIUXCA M3 €ro TUnepOOJIOMAaIbHON IMPEeLeccHH, HC-
CJIeIOBaH BOMPOC 00 mX OudypKaruu mpu MajablX aMIUIATyAaX | OpOu-
TaJIbHOM yCTOMYMBOCTHU B IIEPBOM IPUOJIMKEHUH.

Hccnedosanue 6binoiHeHo 6 pamkax 20cy0apcmeenHo2o 3a0aHus
(npoexm Ne 3.3858.2017/4.6).
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Numerical and analytical plotting of periodic motion
and investigating motion stability in the case of a symmetric
satellite

© E.A. Sukhov', B.S. Bardin'?

"Moscow Aviation Institute (MAI), Moscow, 125993, Russia
? Blagonravov Mechanical Engineering Research Institute of the Russian Academy of
Sciences, Moscow, 101990, Russia

A specific case of motion of a solid dynamically symmetric satellite along a circular orbit
in reference to the centre of mass is its hyperboloid precession. If the hyperboloid preces-
sion is stable, the equations of satellite motion allow for existence of periodic motion
families that describe the oscillations of the satellite's dynamical symmetry axis in the
vicinity of the hyperboloid precession. It is possible to derive these families in the form of
convergent series in powers of the small parameter, i.e. the oscillation amplitude. There
exist two types of these motions: short-term and long-term. If the amplitude is not small,
it is necessary to employ a numerical method in order to plot the motions. In the three-
dimensional space of the problem parameters, the authors plotted the region where long-
term motions exist that stem from the hyperboloid precession of a symmetric satellite. We
deal with the cases of resonance being present and third order resonance being absent.
We conducted a first-order investigation of the orbital stability problem for long-term
motions. We provide the problem statement and the results of plotting the periodic mo-
tions analytically in the absence of resonances. We describe in brief the method for plot-
ting the periodic solution families numerically. We present the results of numerical and
analytical plotting of long-term solution families stemming from the hyperboloid preces-
sion in the vicinity of the resonance. We draw conclusions on the first-order orbital sta-
bility of said solutions for small amplitudes.

Keywords: Hamiltonian system, periodic motions, dynamically symmetric satellite, nu-
merical continuation of solution families, regular precession, orbital stability, resonance
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